A CONSTRUCTION FOR ABSOLUTE VALUES
IN POLYNOMIAL RINGS*

BY
SAUNDERS MacLANE

1. Introduction. An absolute value or “Bewertung” of a ring is a function
||8]] which has some of the formal properties of the ordinary absolute value.
More explicitly, for any b in the ring, ||5|| must be a real number with the
propertiest

oell = N8l -llell, 1l + el = [lell + -

If the second inequality holds also in the stronger sense
12+ el < max ([3], [|<]})

then the value ||8]| is called non-archimedean (Ostrowski [17], p. 272). The
thus delimited non-archimedean values are of considerable arithmetic inter-
est. They are useful in questions of divisibility and irreducibility and in fact
often correspond exactly to the prime ideals of the given ring. This paper is
devoted to the explicit construction of non-archimedean values. More spe-
cifically, given all such values for the field R of rational numbers, we con-
struct all possible values of the ring R[x] of all polynomials in x with coeffi-
cients in R.

In treating a non-archimedean value it is convenient to replace ||a|| by a
related “exponential” value

Va = — log|ld[,

with corresponding forms (§2) of the formal properties of V (Krull [13], p.
531, and [14], p. 164). All possible non-archimedean values of the field of
rational numbers have been determined by Ostrowski ([17], pp. 273-274).
For every prime p there is a p-adic exponential value V, in which the value
of any rational number is obtained by writing the number as p=(u/v), where
u and v are prime to p, and setting

(1) Volpo(u/v)] = ke,
"where % is any fixed positive constant. This value we denote by the symbol
[Vop=E]. The only other value V is a trivial one, in which Va is zero for a 0.

* Presented to the Society, April 20, 1935, under the title, 4bstract absolute values and polygonal
irreducibility criteria; received by the editors June 28, 1935.
1 See Kiirschdk [15]. (Numbers in brackets refer to the bibliography at the end of the paper.)
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On this basis we can determine all possible values in the ring of polyno-
mials with rational coefficients. Any such value W gives a p-adic or trivial
value Va=Wa for the rational numbers and a value u= Wx for the variable
x. These facts alone give a first approximation V, to the value W, as follows:

2 Vi(@zz™ + @pra™' + - - - + ao)
= min [Vodn + nu, Vodn_l + (n — 1)“, crey, Vollo].
This V, is actually a value and is never larger than W. If V, is not equal to W,

we choose a ¢(x) of smallest possible degree for which We(x) > Vip(x). We
then define a second approximation Vf(x) by using* the true value for ¢(x).

In this manner we construct successive approximations Vy, V,, V3, - - - which
in the limit will give the arbitrary value W (§8).
The succession of values Vy, Ve, - - - is defined in Part I for polynomials

with coefficients in any field K. This requires a general method (§§4 and 5)
of constructing a value V from a previously obtained value V_,. The value
given by the limit of such a sequence needs a special study (§7). Here, as in
§88 and 16, we assume that every value of the field K is “discrete”; that is,
that the real numbers used as values form an isolated point set, as in the case
of p-adic values.

Part II investigates the structure of the values which have been con-
structed. The central problem is the construction of the “residue-class field”
which arises when polynomials which differ by a polynomial of positive value
are put into the same residue-class. For the absolute values constructed in
Part I this field is determined by an inductive construction of the homo-
morphism of polynomials to residue-classes (§§10-14). This homomorphism
also yields a more specific description of how our values can be built up
(8§89, 13). Since a given value W can be represented in many ways by a se-
quence of approximations Vi, Vs, Vs, - - -, we treat in §§15 and 16 the
questions as to when two such sequences can give the same ultimate value W,
and how such a sequence can be put in a normal form.

Among the applications of this construction of absolute values we men-
tion the classification of irreducibility criteria of the Newton Polygon type.
The theorem of Eisenstein [4] states that a'polynomial

fx) = a® + ap1x™t + @pgx™ 2+ - - - + 4o

with integral coefficients ¢; is irreducible if each coefficient a; is divisible by
some fixed prime p, while the last term g, is not divisible by 2. In terms of the
value V; of (2) with u=1/#x these hypotheses on f(x) become

* Similar “second-stage” values V, appear implicitly in the irreducibility investigations of Ore
[7], Kiirschék [6], and Rella [10].
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Vif(x) = Via® = Viae < Vi(aix?) G=1,---,n—1).

In this form a simple proof of the theorem can be given. The theorems of
Konigsberger [5], Dumas [3], and Ore [8] are likewise related to the values
V1. The second stage values V, can be similarly applied to interpret the ir-
reducibility theorems of Schéneman [11], Bauer [1], Kiirschak [6], and Ore
[7]. By using the general value V', one can obtain a still more extensive irre-
ducibility criterion which includes all these previous theorems (MacLane
[16]), and which asserts that certain polynomials f(x) with irreducible homo-
morphic images of sufficiently high degree are themselves irreducible. Our con-
struction for absolute values can also be applied to give a new and complete
treatment of the problem of constructing the prime ideal factors of a given
rational prime in a given algebraic field.*

I. THE CONSTRUCTION OF NON-ARCHIMEDEAN VALUES

2. Elementary properties of values in rings. A ringt S is said to have a
non-archimedean value (for short, a value) V if to every element ¢>0 in S
there is assigned a unique real number Ve with the properties

V(ab) = Va + Vb, V(e + b) = min (Va, Vb).

These we call the product and triangle laws respectively. We assume also that
0 is assigned the value + o, with the following conventions for any finite
number vy:

v < o, ©t+y=y+ 0 =004+ 0 = .
Two simple consequences of the product law are
1) Vi) =V(—-1) =0, V(— a) = V(a).
More important is the strengthened form of the triangle law:
(2) Va # Vb implies V(a + ) = min (Vea, Vb).
For suppose instead that Va> Vb and V(a+b) >min (Va, Vb). Then
Vb =V(e+ b — a) = min (V(a + b), Va) > Vb,

a contradiction.
Since we are using a value analogous to the negative logarithm of the
ordinary absolute value, a “small” absolute value will correspond to a “large”

* The application of the methods of this paper to the prime ideal construction is treated in an-
other paper (Duke Mathematical Journal, vol. 3 (1936), pp. 492-510.) The general irreducibility
criterion will be presented in a subsequent paper.

1 Here and in the sequel “ring” means “commutative ring with unit element.”
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value V. Hence we say that two ring elements a and b are of the same order
of magnitude or equivalent* in V—symbol a~b(in V)—if and only if

V(e — b) > Va.

The product and strong triangle laws show that equivalent elements have
the same value and that equivalence is a reflexive, symmetric, and transitive
relation, provided the supplementary assumption} that 00 be made. Two
equivalences

acd and cood
can be multiplied to give
(3) ac o bd.

An element b is equivalence-divisible in V by a if and only if there exists a
¢ in S such that

booca (inV).

If this is true, it remains true when a or b is replaced by an equivalent ele-
ment.

The product law implies that a ring S with a value ¥V must be a domain
of integrity. The value V may be extended to the quotient field of S by de-
fining, in accord with the product law,

) V(—Z—) = Va—Vb

for any elements ¢ and 550 in S. One then obtains the

THEOREM 2.1. Let S be a domain of integrity with the quotient field K. If V
is a value of S, then the function defined by (4) is a value of K. Conversely, every
value of K can be oblained in this way from one and only one value of S.

When S=K is a field, the set of all real numbers Va for a0 in S is an
additive group T, called the value-group of V. If the positive numbers of T’
have a positive minimum & >0, then the value V is said to be discrete.} In
this case the group I is cyclic and consists of all multiples of §. If all elements
not 0 have the value 0, then V is called ¢rivial. Every ring has a trivial value,
while the p-adic values for the field of rational numbers are examples of dis-
crete values. Values of arithmetic interest are generally discrete.

* This term, used by Rella [10], is similar to Ore’s “congruent modulo a polygon” ([8], p. 270)
and Kiirsch4k’s “equipollence” ([6], p. 185).

t Here and subsequently the element 0 plays an exceptional role.

1 Krull [14], p. 171, and Hasse-Schmidt [12], p. 31.
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3. The first stage values. Our problem is this: Given all values of a field
K; to construct all values for the ring K [x] of all polynomials* in x with
coefficients in K. By Theorem 2.1, this is equivalent to determining all values
in the field K(x) of rational functions of x with coefficients in K. No gain in
generality would result were a ring .S used instead of the field K.

As indicated in the introduction, the values for K [x] will be constructed
in stages. For the first step, take any value V, for the field K and any real
number g, and then define a corresponding first stage value V, for any poly-
nomial by the equation (2) of §1. In particular, this gives

Vix = u, Via = Vea (any a e K).

Hence we use the symbol [V, Vix=pu] for the value V.

TrEOREM 3.1. If V, is a value of K and n a real number, the function
Vi= [V, Vix=u] defined above is a value of K [x].

This has been proved by Rella ([10], pp. 35-36) and by Ostrowski ([18],
p. 363). The latter calls # an “invariant element.” A particularly simple V,
arises when u=0. On the other hand, if V,is trivial and u <0, then

Via(x) = u-deg a(x).

The symbol deg a(x) here and in the sequel denotes the degree in x of the poly-
nomial a(x).

4. Augmented values. Our construction now proceeds to build a second
stage value on the basis of a first stage one; or, more generally, a kth stage
value from one at the stage £#—1. The process involved can be formulated
once for all: Given a value W for K [x]; to construct an “augmented” value V
by assigning larger values to a certain “key” polynomial ¢(x) and to its
equivalence-multiples. The key polynomial ¢(x) must be suitably chosen.

DEFINITION 4.1. A key polynomial ¢(x) #0 over a value W of K [x] is one
which satisfies the following conditions:

(1) Irreducibility. If a product is equivalence-divisible in W by ¢(x), then
one of the factors is equivalence-divisible by ¢(x).

(ii) Minimal degree. Any non-zero polynomial equivalence-divisible in W
by ¢(x) has a degree in x not less than the degree of ¢ (x).

(iii) Tke leading coefficientt of ¢(x) s 1.

This key polynomial is to be assigned a new value

M Vo(x) = n > Wo(x).

* Henceforth all polynomials considered are to have coefficients in K, unless otherwise noted.
t This assumption, although unnecessary, will simplify the subsequent work.
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To find the new values of other polynomials, we use expansions in ¢; that is,
expressions in powers of ¢(x) of the form*

) f(@) = fu(2)¢™ + fr-a(2)e™1 + - - - + fo(x),

in which each coefficient polynomial f;(x) is either zero or of degree less than
the degree of ¢(x). Any polynomial has one and only one such expansion,
which may be found by successive division by powers of ¢. The new value
Vf(x) is computed from the expansion thus:

Q) V[fa(2)¢™ + far(2)™ 1 + - - - + fo(x)] = min [Wfi(x) + in].
Here “min” with subscript ¢ means the smallest quantity of the form
Wfi(x)+ip, for i=0,1, - - -, m.

THEOREM 4.2. If W is a value of K[x], ¢(x) is a key polynomial over W
and p is a real number satisfying (1), then the function V defined in (3) is also
a value of K [x]. V is called an augmented value, and is denoted by

V= [W)Vd’:"]'

Proof. The product and triangle laws for V must be verified.f We first
prove the triangle law for a sum f(x)+g(x). Let f and g have the expansions
(2) and

4) g(x) = ga(2)9™ + gar(®)d™ 1 + - - - + go(%)

respectively. By adjoining zero coefficients we can make m=mn. Hence f+§g
has the expansion

f(2) + g(x) = z [/i(®) + 8:(x)]6".

By the definition of V and the triangle law for W,
V(f + ¢) =min [W(f; + £) + iu] Z min [min (Wf;, W) + iu]

(1%

min [Wf; + iu, Wgi + iu]
= min [min (Wf; + iu), min (Wg: + iw)],

V(f + g = min [Vf, Vg].

* We use ¢ as an abbreviation for ¢(x), and similarly for other polynomials.
t The proof resembles one of Rella’s ([10], pp. 36-37); the product-law pioof is an extension of
the Dumas-Kiirschdk-Ore proof for the Newton polygon of a product.
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To prove the product law we will use the quotient-remainder expression
for a polynomial f(x),
(%) f(x) = g(x)¢ + 7(x),
where 7(x) is zero or of degree less than that of ¢(x).

LeMuMA 4.3. If ¢ is a key polynomial over a value W of K [x], and if f(x) =0
has the quotient-remainder expression (5), then
(6) Wr(x) 2 Wf(=),
(7) W(g(x)p) = Wf(x).
The inequality in (6) holds if and only if f(x) is equivalence-divisible by ¢ in W.

Were the first conclusion (6) false, then Wf(x)>Wr(x) in (5) and the
definition of equivalence would give

r(x) o (— g(x))o (in W).

Hence r(x) 0 is equivalence-divisible by ¢, a contradiction to the minimal
property of ¢ and the restricted degree of 7(x). The second conclusion (7) now
follows from (6) by the triangle law.

The third conclusion gives a test for equivalence-divisibility in terms of
ordinary division. When Wr(x)>W/f(x), then (5) shows f(x) equivalence-
divisible by ¢. Conversely, if f(x) is equivalence-divisible in W by ¢, then
there exist polynomials 4(x) and s(x) so that

f(x) = h(x)¢ + s(=), Ws(x) > Wf(x).
If now the equality sign in (6) should hold, we would have
r(x) = f(2) — g(x)¢ = (h(x) — g(x))¢ + s(x),
with
Ws(x) > Wf(z) = Wr(x),

making ¢ an equivalence-divisor of 7(x), again a contradiction. The lemma is
proved.

Return to Theorem 4.2 and consider the product law first for a product of
two monomial expansions a(x)¢! and b(x)¢*. Because of the limited degrees of

a(x) and b(x), the product a(x)b(x) has an expansion with not more than two
terms,

(®) a(x)b(x) = c(x)¢ + d(x).

The product a(x)b(x) is not equivalence-divisible in W by ¢, for if it were, the
equivalence-irreducibility of ¢ (Definition 4.1) would require that one of the
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factors be equivalence-divisible by ¢, contrary to the minimal property.
Lemma 4.3 and the triangle axiom yield then

W(c(x)¢) = W(a(x)b(x)) = Wd(x).
Since the new value of ¢ exceeds the old value,
() We(x) + u > W(a(x)b(x)) = Wd(x).
The product under consideration has by (8) the expansion
(a(x)9") (b(x)¢*) = c(x)¢p**+! + d(x)p*t";
hence the definition of V and the conclusion (9) give
V[(a(%)$")(6(x)¢*)] = min [We(x) + u + (¢ + w)u, Wd(x) + (¢ + w)u]
Wd(x) + (¢ + u)u
Wa(x) + tu + Wb(x) + uu
V(a(x)¢*) + V(b(x)¢*).
This is the product law for monomial expansions.
The product law for polynomials f(x) and g(x) with arbitrary expansions

(2) and (4) respectively is an immediate consequence. The product f(x)g(x)
has an expansion obtained by adding expansions of monomial products; hence

(10) V(f(2)g(x)) 2 Vf(x) + Vg(x).
To show that the equality holds, choose ¢ and « as the largest integers with
V(f(x)9) = Vi(x),  V(gu(x)¢*) = Vg(x)

respectively. The monomial case then shows* that the expansion of f(x)g(x)
has a term r(x)¢*+* with the value Vf+Vg. The equality holds in (10), and
Theorem 4.2 is established.

5. Properties of augmented values. An augmented value V is never less
than the original value W. This characteristic property will now be estab-

lished. As a consequence the method used to compute V can be extended
(Theorem 5.2) in a way subsequently useful in §12.

THEOREM 5.1. (Monotonicity.) The augmented value V= (W, Vé=p] makes
Vf(x) 2 Wf(x)

for all polynomials f(x)#0. The inequality sign holds if and only if f(x) is
equivalence-divisible in W by ¢. In particular, the equality sign holds whenever
the degree of ¢(x) exceeds that of f(x).

* The details here omitted are given in Rella’s proof.
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The proof is by induction on the degree m of the expansion of f(x) in ¢
(see §4, (2)). If m=0, the definition of V shows Vf(x) and Wf(x) equal. If
m >0, the quotient-remainder expression

¢y f(2) = q(%)¢ + r(x)

indicates that ¢(x) has an expansion of degree m— 1 in ¢; hence the induction
assumption will be

Ve(x) = Wq(2).

The value of the first term on the right of (1), by §4, (1), and the quotient-
remainder Lemma 4.3, is

V(g(2x)¢) 2 Wq(x) + Vo > W(q(2)¢) =2 Wf(x).
For the second term, the case m=0 and Lemma 4.3 imply
Vr(x) = Wr(z) 2 Wf(x),

where the inequality holds if and only if f(x) is equivalence-divisible by ¢
in W. The strong triangle law for V" applied to (1) now gives the result (see

§2, (2)).
THEOREM 5.2. If in the expression
a(x) = aa(%)¢™ + Ga_r(%)¢™! + - - - + ao()

the degrees of the a:(x) are not limited, but if no ai(x) is equivalence-divisible in
W by ¢, then the augmented value V=W, Vé=u] is

Va(x) = min [Wa; + iu] (i=0,1,---,m).

Proof. A quotient-remainder expression for each coefficient polynomial
gives

ai(x) = qt(x)d’ + r;(x) (i = 0) 1) Tty n)’
a(x) = 2 q(x)¢! + D ri(x)et.
$=0 im0
Lemma 4.3 shows that the second summation has a value

V( > r,¢‘) = min [Wr; + ip] = min [Wa; + iu]

i

and that the first summation has a larger value

A V( Z qi¢i+l) Z min [Vg:i + Vo + iu] > min (Wi + Wo + iu],
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because of the monotonicity. The strong triangle law for the sum of these
two summations yields the desired conclusion.

6. Inductive and limit-values. This section classifies the values and value-
groups obtained by successive augmented values.

DEFINITION 6.1. A kih stage inductive value Vi is any value of K [x] obtained
by a sequence of values V1, Va, - - - , Vi, where Vo= [Vo, Vix=p] is a first stage
value (§3) and where each V; is oblained by augmenting V,_;;

V= [Vi—ly Vigs = ll'i] (i = 2: 3’ ) k)'

Furthermore, for i=2, - - - , k, the key polynomials ¢; (x) must satisfy:*
(1) deg ¢i(x) zdeg ¢:1(x);

(2) the equivalence ¢i(x) op;1(x) (in Vi_1) is false.

Here the first key polynomial is understood to be ¢,(x) =x.

This value V' may be conveniently symbolized thus:
3) Vi=[Vo, Viz = u1, Vada = o, Vas = ps, - -+, Vi = ps].
Given an infinite sequence Vi, Vg, - - -, Vi, - - - of such values, we set

© Vaf(2) = lim Vif(2).

The monotonic character of V, indicates that this limit, if not finite, is + .
V, satisfies the product law for values, as can be shown by taking limits in
the product law for V. As for the sum f(x)4g(x), note that the triangle law
in V; indicates that one of the inequalities

Vi(f(x) + g(2)) 2 Vif(2), Vi(f(2) + g(x))
holds for i‘nﬁnitely many k. One of the conclusions

Vo(f(2) + g(2)) Z Vaf(), Vo(f(2) + g(2)) Z Vag(x)
then results, and thence follows the triangle law for V,,. We have

THEOREM 6.2. Let {¢i(x)} and {ui} be fixed infinite sequences such that
all the functions V' indicated in (3) are inductive values. Then the function
Vf(x) defined in (4) is a value of K [x], provided some polynomials not zero
be allowed to have the value + .

v

Vig(x)

This function V, will be called a limit-value. The case when several suc-
cessive key polynomials have the same degree will often require separate
treatment, based on

* These conditions involve no loss of generality, but simplify subsequent proofs (see Theorem
6.7 and the end of §9).
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LEMMA 6.3. If in the inductive value Vi in (3) the key polynomials ¢.1(x),
bii2(x), - - -, dr(x) all have the same degree, for t with 0<t<k—1, then

(i) Vt(¢i+l—¢i)=l‘i (7.=t+1) t+2) R} k—l))
(1)  me>pra> - >pe,
(iii) V@k= Vt¢k—l= e = Vt¢l+1 (if t>0).
Proof. Let j range from 41 to £—1, and set

(5) 5i(%) = ¢ir1(x) — ¢4(x).

Since both ¢’s have the first coefficient 1, the degree of s;(x) is less than that
of ¢i(x). Therefore, by Theorem 5.1,

Visi(®) = Vigasi(x) = - - - = Visi(x).
If the first conclusion were false for some j, we would have
Visi(x) = Vi(dir1 — ¢5) > ni = Vidy,
for the other inequality is impossible by Lemma 4.3. This would give
Gir1 © ¢; (in V),

a contradiction of assumption (2). The conclusion (i) is thus established.
Coupled with the monotonicity and the triangle axiom for (5), it gives the
second conclusion, for

piv1 = Vi1 > Vb Z min [V, Vis;] = p;.
For similar reasons, assuming now that ¢>0,
Visi(x) = uj = Vioi > Viad; 2 Vi,
The strong triangle axiom for V, in (5) then yields conclusion (iii),
Vigi1 = min [Visi(2), Vig;] = Vig;.
An interesting consequence of this lemma is the invariance of the values
assigned to the key polynomials.

THEOREM 6.4. If the ith stage of the inductive value V. in (3) uses a key
polynomsial ¢; with an assigned value ., then

Vidi(x) = Vipu(x) = pa.

For this conclusion follows directly from Theorem 5.1 if the degree of
¢:11(x), and hence that of every subsequent key polynomial, exceeds the de-
gree of ¢;(x). The only case remaining is that of Lemma 6.3, with t=:—1.
But, by (5),

¢ = ¢r — Si—1(x) — se—a(x) — - - - — 5i(x).
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The terms on the right have by the preceding lemma the V, values
Kk, Mk—1, - * - , i Tespectively, so that the conclusion follows by the strong
triangle law. Both this theorem and Lemma 6.3 hold equally well for limit-
values.

The monotonic property of inductive values can be sharpened thus:

THEOREM 6.5. Let a limit or inductive value be built up by the inductive
values Vi, Vs, - - - . Then, for any fixed polynomial f(x) =0, either

Virf(x) > Vif(x) (k=1,2,---),
or else there is an 121 such that
In the latter case there is an r(x) of degree less than that of ¢iy1 with
f(x) o r(x) (inVy) (k=i4+1,i4+2,---).
Suppose, contrary to the first alternative, that for some 2
Vinf(x) = Vif(x).
Then the quotient-remainder expression
J(®) = g(®)bir1 + 7(x)
must by Theorem 5.1 and Lemma 4.3 have V=V f. Hence, for any k> ¢+1,
Vi(f = 7) 2 Viu(f — 1) = Vin(goir) > Vi(gdir) 2 Vif = Vir = Var.
Therefore f(x) and 7(x) are equivalent in V, and
ka = ka = V,‘f = V.'f,
so that Vf(z) is constant for k=4, which is the second alternative.
An inductive value V; of K [x] gives by Theorem 2.1 a value for the field
K (x) of rational functions. This value has by §2 a value-group T'x, which we
call the value-group associated with V. It may be determined in the following
way:
THEOREM 6.6. The value V. in (3) has a value-group T, consisting of all real

numbers of the form
v+ mpy + mope + - - - 4 mpps,

where the m; are integers and v is an element of the value-group of the original
value V.
That every number of T'; must be of this form follows by induction from

the definition of the augmented value V. Conversely, any number of this
form is by Theorem 6.4 the value in V of the rational function
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bamgds - - - i,

where b is a constant in K with the value ».

For a more precise description, designate a real number u as commensu-
rable with an additive group of numbers whenever some integral multiple of u
lies in the group (Ostrowski [18], p. 367). Then

THEOREM 6.7. In an inductive value V. from (3) every assigned value u;,
except perhaps px, is commensurable with the value-group T';_, of the preceding
value (the case i=1 included).

For a proof, consider the expansion in ¢; of the next key,
$i11(%) = fu(2)d" + far(2)dm 1+ - - - + fo(x).

If p; is not commensurable with T';_;, no two terms here can have the same
value in V;. Only one term, say the jth, has the minimum value, and

$ir1(x) o fi(x)pd (in V).
By the irreducibility of ¢;;: at least one of the conditions:
(6) fi(x) is equivalence-divisible in V; by ¢y,
™ ¢:(x) is equivalence-divisible in V; by ¢4,
must hold. Because of the minimal property of ¢.,. the first possibility (6)

contradicts the assumption (1) of Definition 6.1. For the same reasons the
second possibility (7) implies that ¢;,, and ¢; have the same degree, while

s(x) = ¢ipa(x) — ¢i(x)

has a smaller degree. Because of (7), Lemma 4.3 applied to V; and the key
polynomial ¢,,, shows V;s(x) > V.¢:(x). Hence

$i(x) © pir1(x) (in V),

a contradiction of assumption (2). There can be no next key ¢.1.

7. Constant degree limit-values. A limit-value V, for polynomials does
not give a value for all rational functions if some of the polynomials have the
value 4 . Hence the problem: When is V, finite; that is, when is V f(x)
finite for all f(x) #0? We obtain an answer in the discrete case.

If the key polynomials ¢.(x) increase indefinitely in degree, then Vf(x)
is by Theorem 5.1 ultimately constant for fixed f(x) and V, is finite. A differ-
ent situation arises if the degrees of ¢(x) have an upper bound. By assump-
tion (1) of Definition 6.1, the degrees of ¢+(x) are then all equal to some M
for k sufficiently large. For an example of such a consiant degree limit-value,
start with the p-adic value [V,3=1] for the rational field (see §1, (1)) and set
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V1= [Vo, V1x= l],
Vi= [Vie, Vs + 2p + 92+ p* + - +p¥) =k} (k=2,3,--).

This gives a limit-value of constant degree 1. Since

k

'§=21’+?’+ﬁ’+“-+1’"‘1—% (k>1,p=23)
holds by the usual methods for p-adic numbers, we find

k
V“,<x+§-) =ll‘ika[(x+2p+p2+ e 4 pEY) —%] =limk = o,
Hence this V,, is not finite.

This use of p-adic numbers suggests the general notion of a perfect ring.
In any ring S with a value V, a sequence {a.} is a Cauchy sequence if
V(a.—an») approaches « with # and m. If every Cauchy sequence has a
V-limit b such that V(a,—b) approaches « with #, the ring S is said to be
perfect. Any ring can be embedded in a perfect ring by the usual procedure of
adjoining limits of Cauchy sequences (Kiirschak [15] and Hasse-Schmidt
[12], p. 24).

THEOREM 7.1. (Finiteness criterion.) Let V ., be a limit-value with key poly-
nomials ¢i(x) of constant degree M for k>t>0. Extend the ring K [x] with the
value V to be a perfect ring S*. Assume that all values of K are discrete. Then
{61} is a Cauchy sequence in V. and has a limit ¢ in S*. Furthermore V., is
finite if and only if there is no g(x)#0 in K [x] divisible in S* by the limit ¢.

For V., the symbolism of Theorem 6.2 may be used. Since ¢ 11, pr42, * -
all have the same degree M, the conclusions of Lemma 6.3 on constant degree
values are applicable. Each number y; is by Theorem 6.7 commensurable with
the value-group I';_; of V;_;. Our assumption shows the original value-group
Ty of V, to be discrete, hence, by Theorem 6.6 and by induction, the group
T, is discrete. But Lemma 6.3 gives

(1) bi = Vi(pi1 — ¢:) e T (1> 1);
hence T';=T for i >¢. This lemma also shows the sequence {.:} to be mono-
tone increasing for ¢ >¢; it lies in the discrete set T';, hence

(2) lim M; = 00,

i— o

The strong triangle law combined with (1) then proves

it+7—-1

Vidivi — ¢:) = V:[ Z (141 — ¢k)] = mkin [ue] = pi.

k=1
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Therefore, by (2), {¢:} is a Cauchy sequence with a limit ¢ in S*. This ¢ need
not be a polynomial, but, by conclusion (iii) of Lemma 6.3, ¢ 0.

Now consider the necessary condition for finiteness. If g(x) #0 is divisible
by ¢ in S*, then

g(x) = hd’y
where 7 is the V,-limit of a Cauchy sequence {#4:(x)} from K [x]. The usual
argument for the convergence of a product shows

@®) lim Vi[g(x) — h(x) $:(2)] = .

31—

By the triangle axiom and the monotonic property for ¢ >,
(4) Vig Zmin [Vi(hi:), Vi(g — ht:)] Z min [Vihi + pi, Vi(g — hiti)].

But {#i(x)} is a convergent sequence in V, with a limit not zero, so that, as
is well known ([12], p. 25), VA, is ultimately constant. Consequently (2),
(3), and (4) prove
(5) Veg(x) = lim Vig(x) = o,
so that V is not a finite limit-value.

Conversely, suppose that V, is not finite. Then (5) holds for some g(x) 0.
If g(x) has the quotient-remainder expressions ¢.(x)¢:47:(x), then, by Theo-
rem 5.1 and by Lemma 4.3,

V(g — qids) = Vri = Viori Z Vioag(a) > o >0,
Thus the sequence {g.:} converges in V, to the limit g(x)=0. Since {¢;}
already converges to the limit ¢ 0, the standard argument for the limit of a
quotient (gip:)/$: shows that {g;} must converge in V, to some limit ¢ in S*,
such that

f(x) = g¢.
Hence ¢ is a factor of f(x) in S*, as asserted.
8. Completeness. We have the following theorem.

THEOREM 8.1. If every value of the field K is discrete, then every non-archi-
medean value W of the ring K [x] can be represented either as an inductive or as
a limit-value.

Given W, we shall construct by stages a corresponding inductive value
V. with the following three properties (notation as in §6, (3)):
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1) Wf(x) 2 Vif(x) (for all f(x)),
2 deg f(x) < deg ¢ implies Wf(x) = V,f(x),
3) Woi(x) = Vigi(x) = p: (t=1,2,---,k).
The initial value V, is defined by

p = Wa, Vea = Wa (any a e K);

the triangle axiom for W and the definition of V, in §1, (2), then show that
conditions (1), (2), and (3) hold for k=1.

Suppose now that an inductive value V' with these three properties has
already been constructed, and that the equality in (1) does not always hold.
As a prospective key polynomial, choose a y(x) of smallest possible degree
with the property

4) Wy (x) > Vig(x).

Multiplication with some constant gives y/(x) the first coefficient 1. Further-
more the two statements,

(s) Wi(x) > Vif(x),
(6) f(x) is equivalence-divisible in V; by ¥/(x),
are logically equivalent. For if (5) is given, and if f(x) has the quotient-re-
mainder expression ¢(x)y-+r(x), then
Vilgy — f) = W(g¢ — /) = min [W(gy), Wf] > min [Vi(g¥), Vif],

because of (2), the minimum degree choice of ¥ and the induction assumption
(1) for ¢(x). Hence the strong triangle law shows foogy in Vi, which is the
conclusion (6). Conversely, if (6) holds there exist polynomials #(x) and s(x)
with

f(x) = h(x)¥ + s(x), Vis(x) > Vif(x) = Vi(h(x)¥).
Then, because of the induction assumption (1),
Wf = min [W(k), Ws] Z min [Vih + Wy, Vis] > Vik + Vi = Vif,

which gives conclusion (5). The equivalence of (5) and (6) is established.

From the equivalence one readily shows that y(x) satisfies the Definition
4.1 of a key polynomial over the value V;. Finally we can assign y/(x) =41
the new value

) pevr = Wy > Vi,

satisfying the proper inequality, and then construct the augmented value
V= [V, Virdrs1=prs]. This will be an inductive value if only conditions
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(1) and (2) of Definition 6.1 hold. By the choice of ¢+4+1=y and the induction
assumption (2), ¢x(x) cannot exceed ¢x41(x) in degree, therefore condition (1)
of §6 is true. Condition (2) of §6 could only be false if ¢+11 and ¢+ were equiva-
lent in V,; in other words, only if

Vildr — brt1) > Vidr = Vidrtr.
By (2), (3), and the choice of ¢ in (4) this would entail
Weor = min [Weoir1, W(r — ¢r41)] > min [Vidrsr, Vidi] = Vidr = Wen,

a contradiction which establishes the desired condition.

The inductive value V., thus constructed satisfies the analogues of the
desired conditions (1), (2), and (3). The latter two are consequences of the
definitions in (4) and (7), while (1) follows from the definition (see §4, (3))
of the augmented value V', by the triangle axiom for W:

W< > $a) 2 min (WA + iwens] = Vi > f.-<x)¢=').

The inductive construction of the value V; associated with W is complete.
This process either will ultimately yield an inductive value V' equal to W
or will give an infinite sequence of inductive values with a limit-value V', such
that
Wf(x) = Vef(x) = lim Vif(x) (for all f(x)).
k—

In the discrete case the first inequality sign never occurs. For suppose in-
stead that it did hold for some f(x); then since {V,f} is monotone non-de-
creasing,

The equivalence of (5) and (6) then implies that f(x) is equivalence-divisible
by ¢i+1(x) in V. Hence the monotonicity Theorem 5.1 shows

Vierf(2) > Vif(x) (k=1,2,---).

This cannot hold if the degrees of the key polynomials ¢.(x) increase in-
definitely, so that we have the case where ¢:(x) has the fixed degree M for
k>t, as in Theorem 7.1. The monotonic increasing sequence {V.f(x)} con-
sists of numbers all from the discrete group I';, with the result

Wf(x) 2 Veof(x) = :iﬁ Vif(z) = .

This can occur only for f(x)=0, a trivial case. Accordingly, W= V., and the
completeness theorem is established.
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Ostrowski ([18], pp. 361-392) has developed another method for finding
all non-archimedean values of a transcendental extension K(x) of a field K.
His method makes no discreteness assumptions, but requires that K first
be extended to an algebraically closed field 4. The values of 4 (x) and thereby
those of K(x) are constructed by means of “pseudo-convergent sequences”
analogous to limit-values with linear key polynomials. A higher degree would
be impossible by the character of 4. Note, however, that his method requires
an elaborate construction to obtain values of A from those of K, and that
the use of A precludes any application to irreducibility criteria or to the alge-
braic extensions of the residue-class field discussed in our Part II.

II. THE STRUCTURE OF INDUCTIVE VALUES

9. Properties of key polynomials. To apply the preceding construction of
values to any particular case it is necessary to know what polynomials can
be used as key polynomials. This question is not constructively answered
by the definition in §4. Part of this question will be answered at once (Theo-
rem 9.4); the rest after the structure of the inductive values V' has been more
explicitly formulated. We first show that certain polynomials act like “equiv-
alence-units”:

LEMMA 9.1. If Vi is an inductive value with k> 1, then for every polynomial
b(x) with Vib(x)=Vi_ib(x) there is a polynomial b'(x) with
(1) b (x)b(x) o 1 (in V), Vid'(x) = Vi_1d'(x).

The hypothesis on b(x) implies that b(x) is not divisible by the last key
polynomial ¢x(x). Since ¢, is certainly irreducible in the ordinary sense, there
are polynomials b'(x) and c¢(x) with

b (%)b(x) + c(x)pu(x) = 1, deg b'(x) < deg ¢r(x).
By Theorem 5.1, Vb'=V;_1b’. The transition from V_; to V increases the
value of ¢¢y, but leaves unchanged the values of 5’6 and 1 in this equation.
Hence b’boo1, as in (1).

LemMA 9.2. In any inductive Vi, the last key polynomial ¢y is equivalence-
irreducible in Vi; a polynomial g(x) not equivalence-divisible by ¢y in V. has a
value Vig in Tioy.

If a polynomial f(x) has the expansion
(2 f(@) = fa(®) + for(®)er™ + - A fo(x),  deg fi(x) < deg di(x),

then f(x) is equivalence-divisible in Vi by ¢ if and only if Vifo>Vif. For if
Vifo> Vif, then f—fo is a polynomial equivalent to f with a factor ¢+. Con-
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versely, if fook(x)¢x, then the last term f, of the expansion for f is obtained
from f— her, where Vi(f—hdr) >V, so that V,fo> V,f. In particular, an f not
equivalence-divisible by ¢: has Vif=V,fo=Vi_ifoe I't—1, as asserted.

This criterion shows ¢ equivalence-irreducible in V. For suppose in-
stead that f(x)g(x) is equivalence-divisible by ¢, although neither factor is
so divisible. Then the criterion gives Vifo=Vif, Vigo= Vg, where go(x) is
the last term in the expansion for g. The last term in the expansion for fg is
the remainder 7,(x) obtained by dividing fogo by ¢«; but since fogo is not
equivalence-divisible in V;_; by ¢z, Lemma 4.3 shows

Vire = Viciro = Viei(fogo) = Vifo + Vigo = Vi(fg).

This means that fg is not equivalence-divisible by ¢, a contradiction prov-
ing the lemma.

An inductive value V; will be called commensurable if the value u; as-
signed the last key polynomial is commensurable with the previous value-
group T'x_; (cf. Theorem 6.7). There is then a smallest positive integer 7
such that 7,u; is in T's_;. For each ¢ =k there is a similar 7,:

3) 7, is the smallest integer such that 7ou; e T';.

We will subsequently need polynomials with any given values:
LEMMA 9.3. If Vi is a commensurable inductive value, then for any real

number N in the value-group T'y of Vi there is a polynomial R\=R\(x) with
value \ in V. and in every value V 11 obtained by augmenting V.

Proof. As in Theorem 6.6, \ has the form
AN=v+ mu + mops + - - - + mpp, vel,.

Each integer 7; may be made non-negative by adding to mu; and subtract-
ing from » a sufficiently large term gu;, so chosen that qu; ¢ I'y (e.g., choose
¢=0 (mod 7, 75, - - -, 7;)). If then a is a constant of value »,

Ry = Ri(x) = ax™pgmpg™ - - - ¢k, ViRx = X\, mi 2 0,

is the required polynomial. In any augmented value V.1, Ry has value \ by
Theorem 6.4.

THEOREM 9.4. A polynomial f(x) is a key polynomial for an inductive value
over Vi, if and only if the following conditions hold: (i) the expansion (2) has a
last term with V i f = Vifo; (ii) the expansion has a first term f.(x)p & with f.(x) =1,
Vi =V.f, and n=0 (mod 7,); (iii) f(x) is equivalence-irreducible in V.

Proof. Condition (i) means, as in the proof of Lemma 9.2, that f(x) is not
equivalence-divisible in V. by ¢,. Assume first that f(x) is a key. Condition
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(i) is necessary by definition. Were (i) false, then Vif<V,fo, so that
foo(f—fo), while (2) shows f—fo=g(x)¢: for a ¢(x) of degree less than f(x).
Thus foogey in V. Since f is a key, this leads to a contradiction much as in
the proof of Theorem 6.7. The assumption V,fo7= V.f is false.

Since f(x) is minimal (Definition 4.1) it has no equivalence-multiples of
degree less than itself. Hence f.(x) is a constant in K, for otherwise #>1, and
Lemma 9.1 supplies a b'(x) with d’(x)f.(x) 1 in V. The product b’(x)f(x)
formed from (2) and modified by replacing the first coefficient by 1 and by
reducing the other coefficients modulo ¢, is then an equivalence-multiple of
f(x). Its degree is n- deg ¢, and is less than that of f(x) unless f,(x) e K. As the
leading coefficient of f must be 1, f.(x)=1 follows, as in (ii). Certainly
Vip =Vif is necessary, for otherwise f—¢ is an equivalent polynomial
of smaller degree. Thus

Vier = Vif = Vifo = Vicifoe Ty,

so that =0 (mod 7,) by (3). This establishes the necessity of (ii).

Conversely, if f(x) satisfies (i), (ii), and (iii), it has first coefficient 1 and
is minimal, because any equivalence-multiple of f(x) must be of degree at
least # in ¢ (cf. the proof of Theorem 4.2). The remaining restrictions of
Definition 6.1 are readily verified, so that f(x) is in fact a key polynomial.

10. Residue-class fields. The structure of a ring S with a value V involves
the corresponding value-ring S+, which consists of all elements a of S with
Va=0 (these elements are the so-called “integers” of S). A congruence for
integers can be defined thus

1) a = b (mod V) if and only if V(a — b) > 0.

All elements of S* congruent to a given b form a residue-class; these classes
together yield as usual the residue-class ring of V in S. This ring can also be
considered as the residue-class ring S*+/P, where P, the set of all elements
of S+ with positive value, is a prime ideal in S+. If S is a field, then S+/P is
also a field, the residue-class field of V in S. The structure of V depends essen-
tially* on this residue-class field. For the p-adic value V, of the rational num-
bers (see §1, (1)) this field is simply the field of integers modulo p. Our prob-
lem is the determination of the residue-class field for any discrete inductive
value.

If the residue-class of each integer ¢ be denoted by Ha, then H is a homo-
morphism of S+ to the residue-class ring A=S+/P, so that H has the following
properties:

I. H is a many-one correspondence between S* and 4;

* Hasse-Schmidt [12], p. 7; Ostrowski [18], p. 321.
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II. H leaves sums and products unchanged; i.e., for Va=0 and V520,
(2) H(a + b) = Ha + Hb;  H(ab) = (Ha)(Hb).

II1. If Va =0, then Ha=0 if and only if Va>0.
By II, the last condition means that H carries congruent elements and
only congruent elements into the same residue-class.

For an inductive value V, we denote the residue-class rings thus, for
t=1,2, .-, k:

3) A, is the residue-class field of V, in K(x);
4) H, is the homomorphism from K(x)+ to A;
(5) A, is the residue-class ring of V, in K [x].

But f(x) and g(x) are congruent as polynomials (mod V,) if and only if they
are congruent as rational functions (mod V). Hence each residue-class of
A, is contained in a residue-class of A;, and no two residue-classes of A; are
contained in the same class of A,. Addition and multiplication of classes are
defined as addition and multiplication on elements in the classes, and hence
are the same in A, as in A,. Therefore A, is isomorphic to a subring of A..
Since isomorphism does not alter the structure of a ring, we will replace A,
henceforth by the isomor phic subring of A,. Then the H, of (4) is also the homo-
morphism from K [x]* to A..

The correspondence H, for rational functions is usually determined by the
H, for polynomials. For if f(x)/g(x) #0 is a rational function with non-nega-
tive value and if V, is commensurable, there is by Lemma 9.3 a polynomial
R(x) with V.R=—V g, and by (2)

o aen(i)-r

Both H,(Rf) and H,(Rg) are residue-classes of polynomials, while H,(Rg) =0
by Property III. We have proved

LemumA 10.1. For a commensurable V i, the residue-class field A, of K(x) is
the quotient-field of the residue-class ring Ay, of K [x].

TrEOREM 10.2. For a commensurable first stage inductive value V,
=[Vo, Vie=p], the residue-class ring A, is isomorphic to the ring F,[y]
of all polynomials in a variable y with coefficients in F,, the residue-class field
of the value V, for K.

Proof. There is given a homomorphism H, from the ring K+ of all V,-
integers b in K to the residue-class field F. Each residue-class H,b of A, con-
tains the residue-class Hob of Fo, and this correspondence H,b«—H b is an
isomorphism between F, and the set of those classes of A containing elements
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of K. We will identify F, with this isomorphic subfield of A;; then A, is an
extension of Fyand Hb=Hb for all b in K+.

Any monomial bx* of value zero has Vb= —nVix=—nu,, so that the
exponent # is a multiple of the integer 71, defined in §9, (3). Any f(x) with
V1f 20 thus has the form

J(®) = bnz™s + bpa@D7 4 - bixni 4 by (mod V)

after terms of positive value are omitted. If e is a constant in K of value
Voe=7u1, each term b;xi": may be rewritten as a product (b;e?)(e~ixin) of two
factors of value 0. The application of the homomorphism H, then yields

() Hif(x) = 3 Ho(be)y';  y = H(e™'am).
7==0
With y so defined, any H,f in A, becomes a polynomial in y with coefficients
H(b;e?) in F,, so that the residue-class ring A, is contained in F,[y]. Since
yeAyand A, is a ring, A;=Fo[y]. The element v is transcendental (i.e., a varia-
ble) over Fy, for otherwise it would satisfy an algebraic relationship a(y) =0,
where
a(y) = amy™ + am_1y™ '+ - - - + ao; am # 0, a;eF,.

Then the residue-class a(y) contains the polynomial
f(x) = @ue"x™1 + @p_e-mHlg(mDT 4oL 4 a,

where each a; is a constant with Hoe;=«;. Then Vif20 and H,f=a(y)=0,
so that, by Property III of Hi, Vif>0. But a.#0, so that Va.,.=0 and
Vi(ame mxmm) =V, f=0, a contradiction. The theorem is established. We note
also that (7) enables us to calculate the residue-class of any given f(x).

11. Conditions for equivalence-irreducibility. A key polynomial ¢, over
a value V is not equivalence-divisible by ¢ (Theorem 9.4, condition (i)).
For any f(x) with this property, questions of equivalence-divisibility can be
handled as follows:

LeMMA 11.1. In a commensurable V. let f(x) be a polynomial not equivalence-
divisible by ¢, and choose a polynomial R(x) so that ViyR=V R=—Vf. Then
a polynomial g(x) with Vig=0is equivalence-divisil;le by fin Vi if and only if
H g is divisible by H[Rf] in the residue-class ring Ay.

By Lemma 9.2, V,f is in T'x_1, so Lemma 9.3 yields the R desired, and
H.[Rf]#0. Suppose first that Hg (which is not 0 by Property III of H})
is divisible by Hi[Rf]. Then Hig=a H[Rf] for some residue-class
a=Hh(x) 50 in A, and

Hig = a-Hi[Rf] = (Hih)Hi[Rf] = Hw(hRf).
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Thus g and kRf have the same residue-class, Vi(g—#ARf)>0="V,g, and
gohRf is equivalence-divisible by f, as asserted.

Conversely, if g is equivalence-divisible by f, then goohfkR’Rf, where
R’(x) is a polynomial chosen as in Lemma 9.1 so that RR’~1. But Rf, g,
and hence 2R’ have value 0, so that

g=hR'Rf (inVy);  Hig = Hu(hR') -H:[Rf],
which shows H g divisible by H:[Rf].

LEMMA 11.2. For f and R as in Lemma 11.1, f(x) is equivalence-irreducible
in Vv if and only if every product in Ay, divisible by H . [Rf| has* a factor divisible
by He|Rf] in As.

Suppose first that f is equivalence-irreducible and that (H.g)(H k)
=H,(gh) is a multiple of H[Rf]. As we can assume V,g=V k=0, the pre-
vious lemma shows the product gk equivalence-divisible by the equivalence-
irreducible f, so that one of the factors is so divisible. By Lemma 11.1 this
means that H.g or Hk is a multiple of H[Rf], as asserted in the lemma.

Conversely, suppose that every product (Hg)(H k) divisible by H:[Rf]
has a factor so divisible, and consider a product a(x)b(x) equivalence-divisible
by f, so that abooc(x)f for some ¢c. Write a(x) og(x)psd and b(x) o h(x)dss,
where the powers d and e are chosen so large that g and % are not equivalence-
divisible by ¢ in V. Then Vg and V& are by Lemma 9.2 in T'x_;, so that
there are polynomials S(x) and 7'(x) with V(gS)=V(AT)=0. Then

STab o (Sg)(Th)¢it+e o STef (in V).

But f is not equivalence-divisible by ¢: while ¢, is equivalence-irreducible
(Lemma 9.2), so ST¢ is equivalence-divisible by ¢¢*¢. Removal of this fac-
tor makes (Sg)(Th) equivalence-divisible by f, so that as in the previous
lemma H (Sg)H (Tk) is divisible by H[Rf]. One of the factors, say H.(Sg),
is then divisible by H[Rf], and (Lemma 11.1) Sg is equivalence-divisible
by f. But a~S’(Sg)¢s?, where S’ is chosen so that S’S~1. Hence a(x) is
equivalence-divisible by f, and f is equivalence-irreducible.
12. Residue-class rings for commensurable values. We have

THEOREM 12.1. If V. is a commensurable inductive value of K [x], given as
in §6, (3), and if the original value V, of K has a residue-class field Fo, then there
is a sequence of fields F1=F, Fo, Fs, - - - | Fy, each an algebraic extension of the
preceding, such that for any t=1, - - - | k the V -residue-class ring of K [x] is
(isomorphic to) the ring F.[y] of polynomials in a variable y with coefficients
in Fy. For t >1 the degree m, of F, is determined by (cf. §9, (3))

* That is, the principal ideal (Hx[Rf]) is a prime ideal in A;.
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mire_i(deg ¢._1) = deg ¢:;  m; = deg [F.:F._].

By Lemma 10.1 we can then conclude at once
COROLLARY 12.2. F(y) is the V ,-residue-class field of K (x).

The case t=1 of this theorem is known (Theorem 10.2); hence we use in-
duction, and assume the theorem true for V,. It is convenient to omit the sub-
script ¢+1 (but not the subscript #) and to write V, ¢, H, 7, etc., for Vi,
¢e41, Hipay ey, €tc. By the monotonic character of V (Theorem 5.1) poly-
nomials f(x) and g(x) with V,f=0 and V,g=0 are congruent mod V, only if
they are congruent mod V. Each residue-class mod V. is thus contained in a
residue-class mod V, and this gives a homomorphism between A,=F,[y] and
a subring F of the residue-class ring A (cf. §10, (5)), where F=F,, is composed
of all residue-classes mod V containing an f(x) with V f=0. Polynomials f
and g incongruent mod V., become congruent mod V if and only if f—g is
equivalence-divisible by ¢ in V, (Theorem 5.1). This means that H ,f—H g is
divisible by the polynomial
(1) ¥un(y) =¥() = H[Rs]; (ViuR =V.R = — Vip, R = Ripu()),
constructed as in Lemma 11.1. Since not all polynomials are equivalence-di-
visible by ¢ in V,, ¥(y) is not a constant in F,, while Lemma 11.2 shows y/(y)
an irreducible polynomial in F,[y]. In the above homomorphism between
F.[y] and F the multiples of ¢/(y) in F,[y] are the elements corresponding to 0,
so that F is isomorphic to the ring of polynomials F,[y] modulo ¥(y), or,

alternatively, to the field obtained by adjoining to F, a root 8 of ¥(y). We
identify F with this isomorphic field:

(2) F=Fy,=F(0); ¢06) =0 (0 = 6e41).

Then the residue-class H.f, when reduced modulo ¢(y), will be identical to
the residue-class Hf; that is,

(3) Vf(x) = 0implies Hf = [Hf]y=s-

A monomial expansion a(x)¢” of value 0 must have » a multiple of 7
(cf. §9, (3)). Hence any f(x) with Vf=0 has the form

4) f(x) = fm(%)™ + fmor(£)p™ D7 4 - - - + fo(x) (mod V), deg f; < deg ¢.

Since V¢ ¢ T';, there are by Lemmas 9.1 and 9.3 polynomials Q:(x) and
Q/41(x) such that

5) VQ=V0=Vé¢, Q0=1@modV), VL =VQ =—"Ve.
The terms f.¢ ‘" in the expansion (4) can be rewritten as products (f,07) (¢77Q~7),
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where V(f,07) 20, V(¢"Q—7) =0, the former because Vf=0. The application
of H, with (3), then proves

(6) Hf(x) = Zo [H(f(®)Q)]s=0- 375 31 = H(¢Q7Y).
-
This shows that every Hf in the residue-class ring A is also in F [y ], while by
(5), m=H(¢pQ"Y)=H(¢"Q’) is a residue-class of a polynomial, hence is in A.
Consequently, F[y,]=A, as asserted in the theorem.
The element y, is transcendental over F; for suppose instead that y, satis-
fied an algebraic relation a(y,) =0, with

a(y1) = any™ + amay™ '+ -+ ao; an # 0, ajeF.

By the original (italicized) definition of F each residue-class «; of F contains
a polynomial b;(x) with V0,20, so that Hb;=«;. Then

f(x) = ;)bf(x)Q’f¢f’ = Eo bi(x)Q ¢ (in V)
1= 1=
is a polynomial of non-negative value which has Hf =a(y,)=0. By Property
IIT of H, Vf>0. On the other hand Vf must equal 0, for Hb,=a.#0 gives
Vbn.=0and Vf <V (bnQ ™¢™") =0, by Theorem 5.2. This contradiction shows
v a variable over F.
The formula (6) enables us to calculate Hf(x) effectively for any f(x) given
in (4), provided only that V,(f;07) 20 for all 5.
It remains to determine the degree of the field F over F,, which by (2)
is the degree of ¥(y). The key ¢ has by Theorem 9.4 an expansion of the form

mry—1

™) ¢ = ¢t + Z ai(x)e:t, Vi = Vg™ = V,a,.
=0

If t>1, ¢y=H.[R¢] can be computed by the analog of (6) for the preceding
stage (with ¢ in (6) replaced by ¢—1), for the coefficients Ra; must by the
choice of R have V,_;(Ra;) 20. This calculation shows ¥(y) to be a poly-
nomial in y with a first term H,(RQ;")y™ arising from the first term of (7). But

Vt(Rth) =V,R — VtQt =V — Vit =0,

so that the coefficient of y™ is not 0. The polynomial ¢ has degree m, and
by (7)

mr, deg ¢, = deg ¢, m = deg ¢ = deg [F:F,],
as asserted® in Theorem 12.1. This theorem has now been demonstrated.

* The proof given holds for £> 1, but may be simplified for the case ¢=1.
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13. Conditions for key polynomials. In the criterion of Theorem 9.4 for a
key polynomial the condition (iii) of equivalence-irreducibility can now be
replaced by the condition of Lemma 11.2,

(iiia), H,[Rf] is an irreducible polynomial in F;[y].

This yields a final explicit description of key polynomials. A partial converse
is possible:

THEOREM 13.1. In a given Vi, let Y(y) =y be a polynomial* of degree m >0,
irreducible in F[y] and with first coefficient 1. Then there is one and, except for

equivalent polynomials in Vi, only one ¢(x) which is a key polynomial and which
has Hy[Rp]=y(y), for a suitable R chosen as in §11.

Proof. There is a polynomial f(x) with the residue-class ¥, so that H,f=y
and V,f=0. If we multiply f by Qs (chosen as in §12, (5)) and in the expan-
sion of the resulting product drop all terms not of minimum value and then
replace the leading coefficient of ¢ by 1, we obtain a polynomial ¢ (x) with the
value VQ¢. For R we can then use Q/™, so that

Hi[Ro] = Hi[QimQuf] = Hif = ¥(v).

Furthermore ¢ can be shown to satisfy the remaining conditions (i) and (ii)
of Theorem 9.4, hence ¢ is a key polynomial. The uniqueness is readily estab-
lished.

Since H[Rf] can be effectively constructed by §12, (6), the problem of
testing whether a given f(x) is a key polynomial is reduced to that of testing
the image H[Rf] of f(x) for irreducibility in Fi[y]. If K is the field of ra-
tionals, then F is a finite field and the latter problem is completely solvable.
This result can be used to construct examples for inductive values of any
stage and for limit-values of both constant degreet and increasing degree
types. The construction of constant degree values may be simplified by de-
ducing from Theorem 9.4 the following partial converse of Lemma 6.3:

COROLLARY 13.2. I'n V. let s(x) be a polynomial of degree less than that of
éi(x) and with Vis(x)=Vipr. Then ¢i(x)+s(x) is a key polynomial for an
inductive value over V.

14. Special cases of homomorphism. The residue-class fields can be simi-
larly found for finite discrete limit-values and for inductive values where the -
value for K is trivial (§2) or where the last assigned value p; is incommensu-
rable (§6).

* The assumption y(y)>y is needed, for the condition Vif=Vyfo in Theorem 9.4 implies

Hy [Rf ];éy.
t By using a transcendental p-adic number the finiteness condition of §7 can be satisfied.
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THEOREM 14.1. Let V,, be a limit-value constructed as in Theorem 6.1 from
a sequence of values Vo, V1, Vs, - - -, and satisfying one of the conditions:

(a) the degrees of the keys ¢ are not bounded as k— ;

(b) V., is finite and discrete, and deg ¢r=M for all k>t.
The fields Fi of Theorem 12.1 yield a (possibly infinite) extension field
Fo=Fo+F\+F:+ - - - which is isomorphic to the V., residue-class field both
for K [x] and for K (x). In case (b), Fo=F 11

Let H) be the homomorphism of K [x] to the V' residue-class ring Fi[y]
and H.,, the homomorphism of K [x] to the V, residue-class ring A,,. Then

1) V;,_lf(x) = 0 implies that Hy,f = HifeFy (] =1,2,---).
For, according to §12, (3),

Hif = [Hisflims,, Hipif = [Hiflyms,,,,

which indicates that H.f is a constant free of y in Fy, and that H..f must
equal H,f, and so on.

In case (a) there is for every f(x) a k so large that deg ¢ >deg f, so that
Vof=Vif, as in Theorem 5.1. If V20, then, by (1), Heyif = H.f is a con-
stant in F, independent of j. The correspondence

2 H.f «—— Hyf, for kwith Hyf = Hepif = Higof = - - -,

carries each element of A, into an element of F,. Every element « of F,, is
used, for, by the definition of F,, « is in some F; so that « has the form H,f,
and H,f=H.f as in (1), whence a corresponds in (2) to H,f. The corre-
spondence (2) is one-one, for elements are congruent mod V,, if and only if
they are congruent modulo some V. Finally, (2) is an isomorphism, making
F, or=A, as asserted. The residue-class field of K (x) is, by the argument of
Lemmas 9.3 and 10.1, just the quotient field of F,, and must then be F,, itself.

In the case (b), the degrees of the extensions Fi1:Fy as determined in
Theorem 12.1 are all 1 for £ >¢. Hence Fr=F ;1. Because V, is finite (§7) and
discrete, Theorem 6.5 yields for any f(x) with Vf2>0 an 22 so large that
Vof=Vf20. Then H,f is again ultimately constant, and (2) gives the iso-
morphism as before.

THEOREM 14.2. For an incommensurable inductive value Vi of K(x) the field

Fy determined from Fy_, and ¢ exactly as in §12 is the V. residue-class field
of both K [x] and K (x).

Proof. Since no non-zero multiple of ur= V¢ lies in I';—1, no two terms
in a ¢r-expansion can have the same value in V. Hence any polynomial is
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equivalent to a monomial expansion, and every rational function has by
Lemma 9.1 the form

f(x)/g(x) ~ c(x)p (in Vi), Vic = Vi_ic.

If f/g has value 0, then m=0, V,_1c =0, and H.(f/g) =Hc. But F; is defined
in §12, italics (or, for k=1, in §10) as all residue-classes Hk with V;_1£=0.
In this case every residue-class has this form, so that F, is as asserted the
whole residue-class field, either for K [x] or for K(x).

In particular, over the trivial value V¢(§2) of K the only non-trivial in-
ductive values are

V= [Vo, Viz = m], ur # 0;

Vo= [Vo, Vix = 0, Vap = pz],  p2 > 0, ¢(x) irreducible.
Both are incommensurable (no multiple of u, lies in the group Ty, which
contains only 0). Furthermore, the residue-class field of K for the trivial V,
is K itself. Hence the residue-class field for V; is K and for V, is K(0), where 8
is a root of ¢(x).

15. Equality conditions for values. An inductive value is essentially a

representation; the same value of K [x] could easily have several such repre-
sentations. This section and the next one will formulate necessary and suffi-

cient conditions for the equality of two inductive or limit-values. In this con-
nection two values ¥V and W of a ring S will be called equal if and only if

(1) Va = Wa (all ¢ eS).

In this section we consider the case when each key polynomial ¢, exceeds
the preceding ¢x—, in degree—a case which can often be made to apply by
omitting any ¢,_; without the above property.

LemMa 15.1. If an inductive value
Vi = [Viis, Vicidpr—1 = pi_1, Vidr = ux) (k=2
has two key polynomials ¢r_.(x) and ¢x(x) of the same degree, then

w = [Vk—2, Wor = ue]
is an inductive value equal to V.

We first prove W an inductive value. Since ¢ exceeds ¢r— ¢ in degree,
the constant-degree Lemma 6.3 shows that

(2)  Vica(or — dr—1) = Vica(de — bi—1) = pr—1, i > iy > Viabis.
A combination of these two results proves

(3) bk O Pr_1 (in Vi).
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Thus ¢ and ¢,—; have the same equivalence-divisibility properties in Vi_,,
and so ¢y, like ¢x_;, is a key polynomial over Vi_s. By (2) and (3) the value
x> Viopr assigned to ¢ is sufficiently large. Therefore W is inductive, for
conditions (1) and (2) of Definition 6.1 hold trivially. The definition of aug-
mented values applied to the usual expansion (e.g., §9, (2)) of any f(x) in
powers of ¢, gives

Vif(2) =min [Viifi(2) + ime],  Wi(x) = min [Viofi(2) + ]

The corresponding terms V;_,f; and V_.f; are equal by Theorem 5.1, for each
fi(x) has a degree less than that of ¢ or of ¢+—_,. Therefore V= W. Successive
applications of this lemma give

THEOREM 15.2. Any inductive value is equal to an inductive value in which
{deg ¢1} is a monotone increasing sequence. A similar representation holds for
any limit-value not of constant-degree type.

For values in this particular form we can obtain necessary and sufficient
conditions for equality.

THEOREM 15.3. If the two inductive values

(4) V, = [VOy Vi = u, Vape = M2, 0, Vs = /‘8]
(5) Wt = [WO; Wlx = Vi1, W2‘l/2 = v, t o, Wt‘pt = Vt]

both have a monotone character such that

1 <deg¢e: < - - < deg ¢, 1 <degye < - - <degty,

then V,=W, holds if and only if

() V=W, s=t;

(i) deg ¢x(x)=deg ¥i() (k=1,- -, );

(i) ViaWr—or) Zpr=r: (k=1,---,1).
The theorem is still true if either s or tis + .

First prove the sufficiency of these conditions. Since (i) and (iii) make V,
and W, identical, we can proceed by induction, assuming that Vi_,=W;_, is
already established. Now compute the V value of . Because key polyno-
mials have the leading coefficient unity, (ii) shows that the degree of ¢ ex-
ceeds that of Y. —¢x, so that ¥, has the expansion

(6) Vi = ér + e — &)
in powers of ¢.. The definition of V and (iii) prove

Vir = min [Itk, Viei($x — ¢L~)] = ur = vi.
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The Vi value of any polynomial f(x) can now be estimated from the expan-
sion of f(x) in Yy, for the triangle axiom for V; gives

Vk[ > fﬂ/k’] 2 min [Vieifi +7-Vige] = min [Vieifi + 7-va] = Waf,
=0 J 7

because of the definition of W. Thus Vif = W.f, while the inverse inequality
is similarly proved. Hence V=W, and the induction is complete.

The necessity of the conditions depends chiefly on the invariance of the
values assigned the key polynomials (Theorem 6.4). The assumption V,=W,
shows that Vo= W, and p1=». Hence (ii) and (iii) hold for k=1. We prove
them by induction on k. If they hold through £—1, then the sufficiency proof
shows V1= Wj_.. By Theorem 5.1, deg ¢, can be characterized as the small-
est degree of any polynomial a(x) with the property that V,a>V;_;a. Since
V. and W, are equal, deg ¥, can be characterized by the same statement, so
that

(7) deg ¢x(x) = deg ¥u(x).

The monotonic assumption on {deg ¢} then shows V= V. Hence, be-
cause of the invariance in W of the value assigned to ¥,

vi=Wah = Ve = Vi = Vi[or + (r — o).
As before, (6) is an expansion in powers of s, so that this equation becomes
vi =min [u, Viei(br — 1))
Combining this with the symmetric conclusion (using Vi_1=W;_)
pr = min [vi, Vii(¥x — ¢i)],

we obtain (iii) for index k. With (7) this completes the induction. The con-
dition s=1{ results, even in the case s=¢= o0,

16. Normal forms for values. The results of the previous section do not
apply to constant degree limit values, nor do they yield unique normal forms.
Both these goals can be reached in the discrete case by using key polynomials
from which all unnecessary high-valued terms have been dropped.

In the expansion of any f(x) in a value Vy, the coefficient f;(x) of any
power of ¢ can itself be expanded in powers of ¢+_1. Since the degree of f;(x)
is limited, the highest power of ¢:_; occurring is less than #/7:_,, where #;
has the meaning

(1) n; = deg ¢l(x) (7' = 1, ) k)'

By an inductive process of this sort one can prove
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THEOREM 16.1. In any Vi every polynomial f(x) can be expanded as a poly-
nomial in the key polynomials with constant coefficients,

(2 (&) = 2 apmigdi - - - ¢, (a;eK),

1
where the exponents m;; are limited as follows
3) mi; < ngg/n; (allj;i=1,2,---,k—1).
The value of f(x), when computed from the definition, is

(4) Vif(x) = min Vi(apisi - - - ¢imi).
J

For a p-adic value, every number is equivalent to one of the numbers
c-pm ¢=0,1, -, p—1. For any value V, of a field K we can similarly
(axiom of choice) pick from each class of equivalent elements a single repre-
sentative element; in particular, we can make 1 one of the representatives.
Given fixed representatives of this sort for each V,, we say that a polynomial
f(x) is komogeneous in a value V; derived from V, if in the expansion (2) of
f(x) all the coefficients a; are representatives in ¥, and all the terms have the
same minimum value V,f(x).

LEMMA 16.2. Every polynomial f(x) is equivalent in V. to one and only one
homogeneous polynomial h(x). This h(x) is called the “homogeneous part” of f(x),

Proof. Given f(x), we find k4(x) by altering coefficients and dropping out
terms in the expansion (2) for f. Were f(x) also equivalent to a homogeneous
g(x), then all terms in the expansions of both %(x) and g(x) would have the
same value V ik, while /—g would have a larger value. Thus corresponding
coefficients are equivalent and therefore equal.

An inductive or limit value V= [V,, Vp:=pu;] may be called komogene-
ous if every key polynomial ¢;(x) is homogeneous in Vi3 (i=2, - - - , k). We
will prove

THEOREM 16.3. Any inductive or limit-value constructed from a discrete
value Vo of K is equal to a homogeneous inductive or limit-value.

We have to prove that, if U= [V, Up=p] is an augmented value over a
homogeneous value Vi, then U itself is equal to a homogeneous inductive
value. This is done by introducing successive homogeneous parts of ¢ as new
keys. First use y1(x), the homogeneous part of ¢ in V. By Lemma 16.2

5) Vi(x) © ¢(x) (in V), deg ¢1(x) = deg ¢(=).
It follows that ¥, (x) is a key polynomial over V. Setting
V) = Vk[da(x) — 1//1(x)] > Vk‘pl(x)’
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we can construct a homogeneous value W= [V, Wy1=w]. If u<»,, then
the sufficiency proof of Theorem 15.3 shows U= W;. Otherwise u >, and
Corollary 13.2 proves W’'= [W,, W'¢=u] an inductive value, which by
Lemma 15.1 is equal to U. We repeat the above argument, constructing a W,
from y»(x), the principal part of ¢ in W,. This gives a sequence of homogene-
ous inductive values,

We= [Vi, Wib1 = v1, Waba = »a, - - -, Wbt = »¢] (t=1,2,---).
The degrees of the y;(x) are all identical by (5), so that Lemma 6.3 proves that
(6) n<r<ryy<- -

and that each »; is in the value-group I'; of V. By hypothesis and Theorem
6.7, this T';, is discrete. Hence there is a smallest ¢ with »,=x in (6), and U is
equal to the homogeneous value W,. The advantage of so representing every
value in a homogeneous form lies in the following uniqueness theorem:

THEOREM 16.4. Two homogeneous inductive or limit-values which are equal
must be identical.

If the equal values are V, and W, as in §15, (4) and (5), then the asserted
identity means simply that

(7) Vo = Wo, S = t,
(8) ¢k=1//k, M = Vi (k=1)2"”)s)'

The hypotheses readily give Vo=W, and (8) for £=1. Suppose (8) true up
to £—1 inclusive. Then V;_1=W,_,. We can assume s>%k—1, whence also
t>k—1. Then ¢, has the following invariant properties which refer only to
Viaa=Wi_1 and V,=W,: ¢: is totally homogeneous in V;_,, it has the first
coefficient 1 and it has the minimum degree consistent with the property
Vipr>Vi1¢i. Furthermore ;. has the same properties. But these properties
uniquely determine ¢, for, since the difference ¢r—y is of degree less than
¢, its value is

Vie1(dr — ¥i) = Vi(ér— ¥4) = min [V,de, Vigi] > min [Vi_idx, Vieids].

Hence by the triangle law ¢ ooy in Vi_y, so that by Lemma 16.2, ¢px=y.
By Theorem 6.4, ux=vs, as in (8). The induction ends when % reaches s=¢,
and the identity V,=W, is proved. A simple consequence is

COROLLARY 16.5. If every value of K is discrete, then no inductive value can
ever equal a limit-value, and no limit-value of constant degree type (§7) can
equal a limit-value not of this type.
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